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Crazing of polymersA new cohesive zone model to describe fracture of interfaces with a microstructurs made of ﬁbrils with
statistically distributed in-plane and out-of-plane orientations is proposed. The elementary force–
displacement relation of each ﬁbril is considered to obey the peeling theory of a tape, although other
reﬁned constitutive relations could be invoked for the adhesive constitutive response without any lack
of generality. The proposed consistent 2D and 3D interface ﬁnite element formulations for large
displacements account for both the mechanical and the geometrical tangent stiffness matrices, required
for implicit solution schemes. After a preliminary discussion on model parameters identiﬁcation, it is
shown that by tailoring the spatial density of ﬁbrils at different orientations can be a way to realize
innovative interfaces enhancing adhesion or decohesion, depending on the need. For instance, it can be
possible to realize microstructured adhesives to facilitate debonding of the glass cover in photovoltaic
modules to simplify recycling purposes. Moreover, the use of probability distribution functions
describing the density of ﬁbrils at different orientations is a very effective approach for modeling the
anisotropy in the mechanical bonding between paper tissues and for simulating the complex process
of crazing in amorphous polymers.
 2015 Elsevier Ltd. All rights reserved.1. Introduction
Interfaces with microstructures have been observed in the tran-
sition zones between several natural and artiﬁcial systems and
have been subject of intense research. A pioneering theory of struc-
tured interfaces reinforced by ﬁbers modeled as linear elastic bars
has been proposed in Bigoni and Movchan (2002) and Bertoldi
et al. (2007a,b,c) to deal with interfaces with microstructures like
those of the metacarpal bone of a vulture-wing, the pinctada nacre,
the short glass–ﬁber-reinforced polypropylene, the crack tip in
polystyrene, the meninges surrounding the human brain, the
cross-section of a palm petiole, and the pyrolyzed wood inﬁltrated
with Silicon. The derived results have emphasized the role of the
interface microstructure on the properties of a linear elastic
system, both in statics and in dynamics.
Along this line of research, attempts to describe the nonlinear
behavior of ﬁnite thickness interfaces by developing synthetic
traction-inelastic separation relations, or cohesive zone models,
have been proposed in Paggi and Wriggers, 2011a,b, 2012 forpolycrystalline materials, explicitly considering the evolution of
damage in these ﬁnite thickness regions. A different set of
computational approaches, that aim at providing a further insight
into the ﬁbrillation using micromechanics-based models and
including viscoelastic effects, has been developed in Allen and
Searcy (2001) and Estevez et al. (2000), among others. As an
alternative route, multi-scale computational methods have been
proposed in Matous et al. (2008) to derive the cohesive zone model
response of particle reinforced adhesives by a multi-scale analysis
explicitly taking into account the ﬁnite element representation of
the interface microstructure. Geers and coworkers (van den
Bosch et al., 2008b; Vossen et al., 2014) have also recently
developed a multi-scale strategy to simulate the mechanism of ﬁb-
rilation in the delamination of polymer-coated metal sheets. These
investigations are based on a series of experimental works devoted
to the understanding of the ﬁbrillation processes in polymers (see
Kramer and Berger (1990), Creton and Lakrout (2000), Hoefnagels
et al. (2010), Desai et al. (2011) and the references therein given)
which basically regard: (1) the voids formation along the interface,
(2) the generation of load bearing crazes (ﬁbrils), and (3) the ﬁnal
failure of such ﬁbrils, leading to interface crack propagation.
In parallel with these studies, mostly dealing with fracture of
imperfect ﬁnite thickness interfaces joining dissimilar materials,
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ade on the morphology of surfaces of living systems and its con-
nection with their adhesion capabilities. The analysis of pads and
surfaces of insects, spiders and lizards have revealed the presence
of a complex texturing able to maximize adhesion and tolerate
interfacial crack-like ﬂaws caused by surface roughness (Gao
et al., 2004; Yao and Gao, 2008). A notable example are the pads
of Tokay gecko, showing a hierarchical assembly of microscale
hairs, called setae, branching off into nanoscale spatulae (Huber
et al., 2005; Scherge and Gorb, 2001; Pugno and Lepore, 2008;
Pugno et al., 2011; Lepore et al., 2012). Extensive modeling of the
gecko attachment/detachment system has provided a valuable
insight into the mechanisms promoting the adhesion of natural
and bio-inspired interfaces (Gao et al., 2005; Yao and Gao, 2007;
Yao et al., 2008). At the microscale, the adhesive behavior of spat-
ulae has been successfully modeled as an elastic tape (Gao et al.,
2005), conforming with the semi-analytical adhesion theory by
Kendall (1975). The ability to tolerate roughness was ﬁnally
explained by a hierarchical assembly of fractal type of spatulae
and hairs (Yao and Gao, 2006, 2008). Moreover, for releasable
adhesion, the macroscopic elastic anisotropy was found to vary
the adhesion strength signiﬁcantly with the direction of pulling,
leading to an orientation-controlled switch between attachment
and detachment scenarios (Yao and Gao, 2006; Chen and Gao,
2007; Chen et al., 2008).
The bottom-up design principles of structured interfaces and
surfaces emerging from the aforementioned state-of-the-art on
the subject open a frontier of research in the design of novel adhe-
sives for a wide range of engineering applications. In the present
work, an anisotropic interface constitutive law based on the
adhesion mechanisms of ﬁbrils at the microscale is proposed. The
key idea is to derive a traction-separation law or cohesive zone
model (CZM) based on bottom-up considerations. The interface
region is modeled at the micro-scale as a surface covered by
ﬁbrils adhering to a substrate with certain in-plane and
out-of-plane orientations. The force–elongation relation of each
ﬁbril will provide an elementary contribution to the overall cohe-
sive traction-separation relation of the interface resulting from
their spatial integration. As a result of the orientation-dependent
tractions stemming from the classical equations of the peeling the-
ory proposed by Kendall (1975), this basic model will provide an
adhesion force dependent on the mode of deformation experienced
by the interface. This formulation is further enhanced by showing
that a possible way to maximize or minimize adhesion along
speciﬁc directions can be achieved by introducing a probability
distribution function to describe the density of ﬁbrils with a given
inclination, instead of assuming a uniform distribution. From the
numerical standpoint, within the context of nonlinear FEM, the
2D and 3D versions of the adhesion/decohesion model herein
proposed is incorporated into the large deformation interface
element recently developed in Reinoso and Paggi (2014), providing
a robust and versatile computational framework for engineering
simulations.
The paper is organized as follows. Section 2 is concerned with
the formulation of an anisotropic cohesive zone model that
accounts for interfaces with a microstructural arrangement based
on ﬁbril distributions for 2D and 3D applications. Since the devel-
oped model is expected to have a special impact on maximizing
adhesion or detachment of thin-walled structures undergoing
large-displacements, details concerning the 3D generalization of
the novel interface element formulation proposed in Reinoso and
Paggi (2014) are given in Section 3. This interface element provides
a consistent derivation to deal simultaneously with material and
geometrical nonlinearities in those detachment applications where
both nonlinearities have a relevant role. Using this computational
method, applications related to the understanding of the behaviorof cellulose ﬁbrils in paper tissue bonding, and a new possibility to
facilitate disassembling operations in photovoltaic modules for
recycling purposes are investigated in Section 4. Finally, the main
conclusions of the present contribution along with its further
potential capabilities are addressed in Section 5.2. Derivation of the anisotropic cohesive zone model: adhesion
control based on the peeling theory
In this section the anisotropic interface constitutive relation
based on the peeling theory for controlling the adhesion of
interfaces with a ﬁbrillar microstructure is derived. After
introducing a two-dimensional formulation, its generalization to
three-dimensional problems is presented. The corresponding
mathematical treatments are kept separate in this section since
they have different degrees of complexity as far as the ﬁnite
element implementation detailed in Section 3 and in Appendix is
concerned.2.1. Two-dimensional constitutive model
Let assume the microstructural arrangement of the interface be
covered by a collection of elastic ﬁbrils or spatulae perfectly joined
to the body sharing the upper side of the interface and bonded to
the opposite side as an adhesive tape, see Fig. 1. Introducing as cus-
tomary a local reference system deﬁned by the tangent and normal
vectors to the middle-line of the interface, which is updated during
the deformation process, these ﬁbrils may have different instant
inclination angles b, possibly covering all the values ranging from
zero to p.
Regarding the initial value of the angle b, different options may
be considered. When a surface is adhering on a substrate by the
action of ﬁbrils, as in Fig. 1, their inclination angle can obey a sta-
tistical distribution. For instance, groups of polymer chains bridg-
ing a crazing crack may have a uniform distribution of
orientations, see e.g. Fig. 2.
In case of hairy pads of living insects or Gecko’s spatulae, the
angle b is in general different from zero and it is inﬂuenced by
the statistics of surface texturing and roughness which govern
the contact angles with the spatulae. As recently investigated in
Zhou et al. (2014), the angle b can have a deterministic value only
if the texturing is regular as in the form of cylinders, see Fig. 3(a), or
in case of sinusoidal waviness as considered in Gillies and Fearing
(2014). In the more general case of random roughness, a statistical
distribution of angles b is expected to arise from the actual distri-
bution of the local slopes of the proﬁle height ﬁeld. As an example,
the probability distribution density function of angles b computed
from the statistical analysis of the proﬁles of a fractal surface with
D ¼ 2:3 and generated with the random midpoint displacement
algorithm is shown in Fig. 3(a), and it resembles a Gaussian
distribution.
We also admit the possibility to have a nonuniform distribution
obtained from the subtraction of a Gaussian distribution from a
uniform distribution. This can be used to model an interface with
a reduced density of ﬁbrils centered around a given orientation.
The resulting probability distribution function will present a
reduced frequency of ﬁbrils along the pre-selected orientation,
thus weakening adhesion along that speciﬁc direction. This conﬁg-
uration will be referred to as nonuniform distribution for detachment
in the sequel.
In summary, with the aim of accounting for the initial
microstructural arrangement of interfaces based on ﬁbril distribu-
tions, we propose the introduction of a factor af ðbÞ that will
provide the frequency of ﬁbrils with an initial out-of-plane
inclination b:
Fig. 1. Sketch of a ﬁbril or a spatula inclined by an instant angle b with respect to the line tangent to the interface.
Fig. 2. Crazing of a polymer showing ﬁbers bridging a crack with a uniform
distribution of inclinations, adapted from http://www.kamakurapen.com/Archive/
Crazing.html.
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Fig. 3. (a) A sketch of a hair of a living insect inclined due to the presence of a
deterministic surface texture (adapted from Zhou et al., 2014). (b) A distribution of
inclination angles b arising from the statistical distribution of proﬁle slopes of a
numerically generated fractal rough surface with fractal dimension D ¼ 2:3.af ðbÞ¼
1; uniform distribution
1
r
ﬃﬃﬃﬃ
2p
p expðblÞ
2
2r2 ; nonuniform distr:
k1
r
ﬃﬃﬃﬃ
2p
p  1r ﬃﬃﬃﬃ2pp expðblÞ22r2 ; nonuniform distr: for detachment
8><
>: ð1Þ
where lb is the mean value of the angle b where the distribution
function is centered and rb is the root mean square value of the
Gaussian distribution. The coefﬁcient k1 is a free parameter such
that af ðbÞ is maintained strictly positive valued. Without any loss
of generality, other distribution functions or even discrete empirical
frequency histograms could be adopted in the numerical scheme.
The coefﬁcient af ðbÞ acts as a penalizing factor in case of nonuni-
form distributions of spatial densities of ﬁbrils with respect to their
inclination, since this parameter is less then or at most equal to
unity, see an example in Fig. 4.
During the deformation process, the interface undergoes a
relative displacement gloc, whose tangential and normal compo-
nents are denoted by gloc;t and gloc;n, respectively. In principle, all
the ﬁbers with their respective inclination may contribute to the
load transfer. Therefore, the total bridging load would be the result−90 −60 −30 0 30 60 90
0
0.5
1
1.5
β (°)
a f
(β)
Nonuniform distr.
Nonuniform distr. for detachment
Uniform distribution
Fig. 4. The coefﬁcient af ðbÞ representing the distribution of ﬁbril orientations
(l ¼ 0 ;r ¼ 0:45 rad).
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ing penalizing factor that takes into account the angle deviation
of the ﬁbril with respect to b. However, in some cases, it is possible
to simplify such a complex bridging mechanism by noting that
there is often a predominant ﬁbril orientation contributing to the
peeling force. Speciﬁcally, this dominating ﬁbril angle is the
Mixed Mode deformation angle w ¼ arctan gloc;n=gloc;t
 
. This
assumption results into a simpler and a bit conservative formula-
tion since the contributions of the ﬁbrils with other orientations
are not accounted for and only the ﬁbrils with b ¼ w are considered
as active. An experimental evidence conﬁrming this assumption
has been obtained for cellulose ﬁbers bridging cracks in a thin
paper tissue subjected to a tensile test, see a SEM image in
Fig. 5(a). This mechanical testing has been performed in the
Laboratory of the Research Unit MUSAM – Multi-scale Analysis of
Materials at IMT Lucca, using the testing stage DEBEN 5000S
located inside a SEM Zeiss EVO MA15. Clearly, the ﬁbrils inclined
with an angle w (ﬁbrils aligned along the red arrow denoting the
direction of loading) are in tension while the others tend to be
unloaded. It is therefore reasonable to expect the ﬁbrils in tension
provide the major contribution to the load transfer.
Another instance supporting the assumption of an orientation
b ¼ w of the active ﬁbrils, but based on a totally different mecha-
nism, is crazing in polymeric ﬁlms. In this case, void formation
leads to crazes all oriented with the same inclination enforced by
the Mixed Mode deformation angle, see Fig. 5(b) taken from
Desai et al. (2011). A subsequent modiﬁcation of the interface
inclination leads to a re-orientation of all the crazes. Therefore, this
kind of phenomenon can be captured by the assumption of b ¼ w
and using af ðbÞ ¼ 1, since all the ﬁbrils are active and the whole
population of ﬁbrils re-orientates itself to follow the deformation
process.
Based on these modeling assumptions conﬁrmed by the
experimental observation, the set of ﬁbrils activated by the loading
process are those with an angle b given by:(a) Fibrils in pa
(b) Fibrils in polymer crazing a
Fig. 5. (a) Cellulose ﬁbrils bridging a crack. Note the prevailing alignment of the ﬁbrils in
in the online version of the article. The SEM image is taken under variable pressure co
23.5 mm. (b) Re-orientation of ﬁbrils observed during polymer crazing, adapted from Des
reader is referred to the web version of this article.)bðgloc;t; gloc;nÞ ¼
arctan gloc;ngloc;t
 
; if bP 0; gloc;t – 0
p=2; if bP 0; gloc;t ¼ 0
arctan gloc;ngloc;t
 
þ p; if gloc;t < 0
8>><
>>:
ð2Þ
The angle b is updated during the simulation by computing the dis-
placement gaps between the adjacent ﬂanks of the interface, in this
way including geometrically nonlinear effects into the interface
model. For a given angle b, the penalizing factor af ðbÞ in Eq. (1) is
computed, depending on the material under consideration and
the physical phenomenon to model.
According to the adhesion theory of an elastic tape (Kendall,
1975), the maximum peeling traction t at debonding (force per
unit out-of-plane thickness) of an elastic ﬁbril of Young modulus
Ef , width wf , and interfacial adhesion energy G, depends on the
peeling angle b as:
ktðbÞk ¼ Efwf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 cos bð Þ2 þ 2G
Ef t
s
 ð1 cos bÞ
" #
ð3Þ
where k  k stands for the Euclidean norm of the quantity .
According to this theory, t has its maximum in correspondence to
b ¼ 0 and then it rapidly decays by increasing b, see Fig. 6 and
similar plots in Kendall (1975) and Gao et al. (2005). It is worth
mentioning that, as investigated in Begley et al. (2013), the
Kendall solution can be interpreted as a limit case of a more general
theoretical framework including frictional effects, which are not
accounted in the present study. Nevertheless, the robustness of
the proposed formulation relies on the fact that any kind of peeling
model can be easily incorporated into the subsequent numerical
scheme without any loss of generality.
The value of the maximum peeling traction corresponding to a
given deformation angle w, which is assumed to equal b at each
instantaneous deformation level, is ﬁnally given by T ¼ af t, whereper tissue
t diﬀerent magniﬁcations
the direction of loading and therefore with the deformation angle, see the red arrow
nditions (VPSE sensor) at 13.9 kV, 200 magniﬁcation and a working distance of
ai et al. (2011). (For interpretation of the references to color in this ﬁgure legend, the
0 30 60 90 120 150 1800
0.005
0.01
0.015
0.02
β
||T
|| 
/ E
fw
f
Fig. 6. Dimensionless modulus of the maximum peeling force T vs. peeling angle b.
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ﬁbrils with a certain angle b along the interface.
Moreover, in the determination of the traction-displacement
relation, that is integrated over the interface segment to compute
the adhesive forces for each interface separation, each ﬁbril is sup-
posed to respond linearly to an applied force until the critical mag-
nitude of the peeling force ktðbÞk is reached. After that, we assume
the part of the ﬁbril in adhesion with the substrate is short enough
so that it is no longer able to withstand any further load and a ten-
sion cut-off takes place. This tension cut-off idealization of the
traction-separation law is supported by experimental evidence
during crazing of polymers, see Desai et al. (2011) and further com-
ments given in Section 4.
Introducing the modulus k of the relative opening
displacement vector gloc; k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g2loc;t þ g2loc;n
q
, the complete interface
tractions-separation constitutive relation becomes:
TnðbÞ ¼ kTk kkgloc;crk
sin b ð4aÞTtðbÞ ¼ kTk kkgloc;crk
cos b ð4bÞ
where Tt and Tn are, respectively, the tangential and the normal
components of the total traction vector T.
As clearly emerges from Fig. 6, the traction kTðbÞk is maximum
for b ¼ 0 and then it decreases by increasing the angle b. Therefore,
a system of ﬁbrils displays its maximum adhesion in case of pure
Mode II, i.e., for b ¼ 0. On the other hand, the maximum peeling
force for a pure Mode I problem ðb ¼ p=2Þ is much smaller. In case
of a nonuniform distribution of ﬁbrils modeled via the adhesion
factor af , this trend can be suitably modiﬁed by tailoring the inter-
face response to the speciﬁc needs. In Fig. 7(a), for instance, the
adhesion along a given angle lb can be enhanced by assuming a
Gaussian distribution of ﬁbrils centered in lb and with a r.m.s.
rb ¼ 0:14 rad. Another possibility is to enhance detachment along
a given angle lb as in Fig. 7(b), using the formula for af for reducing
the density of those ﬁbrils corresponding to the angle lb and
penalizing the corresponding adhesive traction ðk1 ¼ 1:1Þ. In this
case, a minimum of the peeling force can be attained in
correspondence of the selected value of lb.
The effect of the value of the standard deviation rb is shown in
Fig. 8 for a test problem corresponding to lb ¼ 45. Based on this
representation, the smaller rb, the higher the discrimination in
maximizing or penalizing the interface cohesive traction in a
certain direction. It is also observable that for the enhancing adhe-
sion case and for a particular value of the r.m.s equal to rb ¼ 0:28,
the maximum peeling force exhibits a quasi plateau-like evolutionfor a certain range of the angle b, resulting in a minor discriminat-
ing effect due to rb.
2.2. Three-dimensional constitutive model
The previous two-dimensional model can be extended to
three-dimensional problems by considering again an interface
covered by ﬁbrils adhering to one of the two surfaces of the
interface and perfectly attached to the opposite one. By intro-
ducing a middle surface of the interface as the surface with aver-
age coordinates between those corresponding to the upper and
lower sides of the two bodies, we deﬁne a local reference system
characterized by two tangential vectors belonging to the middle
surface, t1 and t2, and a normal vector n. Fibrils are distributed
over this middle surface depending on the middle surface
in-plane angle h, varying from 0 to 2p, and may have a different
middle surface out-of-plane inclination b ranging from 0 to p,
see Fig. 9.
In analogy with the two-dimensional case, we can introduce an
adhesion factor afbðbÞ related to the uniform or nonuniform distri-
bution of ﬁbrils depending on the angle b:
afbðbÞ ¼
1; uniform distribution
1
rb
ﬃﬃﬃﬃ
2p
p exp ðblbÞ
2
2r2
b
; nonuniform distr:
8<
: ð5Þ
Moreover, a second adhesion factor af hðhÞ related to the distribution
of ﬁbrils in the plane of the middle surface can be similarly
considered:
afhðhÞ ¼
1; uniform distribution
1
rh
ﬃﬃﬃﬃ
2p
p exp ðhlhÞ
2
2r2
h
; nonuniform distrib:
(
ð6Þ
The latter adhesion factor plays an important role to distinguish
between isotropic and anisotropic surface texturing. In paper tissue,
for instance, the density of ﬁbrils can be the same in all the in-plane
directions as shown in Fig. 10, supporting the adoption of a uniform
distribution. However, due machining of paper, a preferential align-
ment along a given direction may also take place and nonuniform
distribution density functions would be better to represent real
morphologies.
The overall adhesion factor af ðb; hÞ for three-dimensional
problems is ﬁnally deﬁned via the product between afbðbÞ and
afhðhÞ:
af ðb;hÞ¼
1; uniformdistribution
afbafh; nonuniformdistrib:
k1
rb
ﬃﬃﬃﬃ
2p
p k2
rh
ﬃﬃﬃﬃ
2p
p afbafh; nonuniformdistrib: for detachment
8><
>:
ð7Þ
In analogy with the two-dimensional formulation, for each
Mixed Mode condition represented by the components
gloc;t1; gloc;t2 and gloc;n of the relative displacement vector gloc, we
assume again that only the ﬁbrils aligned along that direction are
the primary ﬁbrils transferring load. Under such an assumption,
for a given relative displacement vector, the set of reacting ﬁbrils
will be deﬁned by the angle h computed as:
hðgloc;t1; gloc;t2Þ ¼
arctan gloc;t2gloc;t1
 
if gloc;t1 – 0
p=2; if gloc;t1 ¼ 0
8<
: ð8Þ
and by the inclination angle b:
bðgloc;t; gloc;nÞ ¼
arctan gloc;ngloc;t
 
; if bP 0; gloc;t – 0
p=2; if bP 0; gloc;t ¼ 0
arctan gloc;ngloc;t
 
þ p; if gloc;t < 0
8>><
>>:
ð9Þ
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Fig. 7. Dimensionless maximum peeling force kTk=ðEf wf Þ vs. peeling angle b for three different values of lb and for rb ¼ 0:14 rad.
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Fig. 8. Dimensionless maximum peeling force kTk=ðEfwf Þ vs. peeling angle b depending on rb , for lb ¼ 45 .
(a) A single ﬁbril
θ
(b) A distribution of ﬁbrils
Fig. 9. (a) A sketch showing a single ﬁbril and its orientation angles h and b. (b) A sketch showing a collection of ﬁbrils with different angles h and b.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g2loc;t1 þ g2loc;t2
q
is the resultant tangential component
of the relative displacement vector at the interface.
The peeling traction of each ﬁbril is again provided by Eq. (4) as
in the two-dimensional case, whereas its components in the local
frame are:
Tt1 ¼ kTk kkgloc;crk
cosb cos h ð10aÞ
Tt2 ¼ kTk kkgloc;crk
cosb sin h ð10bÞTn ¼ kTk kkgloc;crk
sin b ð10cÞ
where k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g2loc;t þ g2loc;n
q
is the modulus of the total relative dis-
placement vector.
In the case of an in-plane uniform distribution of ﬁbrils, the
cohesive traction vector kTk is dependent on b according to the
peeling theory of an elastic tape as in the bi-dimensional case
and it does not depend on the in-plane angle h. However, in the
most general case, adhesion can be selectively maximized or min-
imized in case of a combined in-plane and out-of-plane nonuni-
form distribution of ﬁbrils.
Fig. 10. Image of cellulose ﬁbrils of paper tissue, showing a random orientation
with almost a uniform distribution in the plane. The SEM image is taken under
variable pressure conditions (VPSE sensor) at 8.5 kV, 554 magniﬁcation and a
working distance of 22.5 mm.
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In applications regarding thin structural elements subjected to
large displacements, such as biological membranes, paper sheets,
viscoelastic materials for the encapsulation of solar cells, among
many others, the complexity of their structural analyses relies on
the fact that during the simulation the deformed conﬁguration
cannot be any longer approximated by the underformed one. In
such scenarios, within the framework of cohesive models for
delamination and debonding processes, the computation of the
interface gap (global or projected over a local reference basis)
according to the reference geometry can lead to errors
depending upon the speciﬁc applications and materials tested.
Large-displacement analyses require tracking of the surface sepa-
ration, the relative rotations between the two sides of the interface
and the simultaneous deformation of the two bodies separated by
the interface.
In light of the previous arguments, large displacement interface
element formulations have been proposed during the last decades.
A pioneering attempt to solve this problem is due to Ortiz and
Pandolﬁ (1999), who suggested the adoption of a reference middle
surface of the cohesive element in the current conﬁguration to
deﬁne a convenient (deformed) surface for the calculation of the
normal and tangential directions to the interface. Their formula-
tion was particularized to a quadratic 3D interface element for
matching tetrahedra.
In Qiu et al. (2001), an alternative formulation for a 2D interface
element in large displacements was proposed by introducing a non
symmetric co-variant reference system coincident with one of the
two deformed sides of the interface. Other 2D and 3D novel formu-
lations with emphasis on the problem of interface ﬁbrilation were
recently proposed in van den Bosch et al. (2007, 2008a). In this
instance, the kinematics of the interface element was assumed to
be similar to that corresponding to 2D or 3D trusses under large
displacements and rotations.
In this study, a consistent interface element for large displace-
ments is proposed for the implementation of the anisotropic cohe-
sive law derived in Section 2. It represents an extension to
three-dimensional problems of the two-dimensional formulation
in Reinoso and Paggi (2014). The development of such a novel
interface model is motivated by the notable geometric nonlinear
effects that are evidenced in experimental studies with regard to
failure analysis of ﬁbril-based interfaces, see (Desai et al., 2011;
Hoefnagels et al., 2010; Kramer and Berger, 1990). However,
differently from other approximations using a global computation
of the displacement gaps between the ﬂanks of the interface and
the subsequent evaluation of the cohesive law (van den Boschet al., 2008a), a cohesive element relying on the midsurface deﬁni-
tion is herein employed. This alternative approach is supported by
the experimental evidence in Desai et al. (2011) for crazing of
polymers where notable interface deformation but undergoing
moderate rotations can be observed.3.1. Interface element and FE formulation
This section concisely outlines the derivation of the large defor-
mation interface element and the corresponding FE formulation for
the 2D and 3D versions of the model.
Within the ﬁnite deformation setting, consider a pair of deform-
able bodies in the reference conﬁguration Bð1Þ0 ;B
ð2Þ
0  Rndim (identi-
ﬁed as Bulk-1 and Bulk-2 in Fig. 1), where 2 6 ndim 6 3 stand for
the space dimension. Both bodies are subjected to the volume
forces FðiÞv with i ¼ 1;2, and the boundary conditions: ti ¼ t^i on
@Bi0;t and u
i ¼ u^i on @Bi0;u with i ¼ 1;2. Note that both deformable
bodies might obey different constitutive laws within their own
domains. The nonlinear deformation map uðXÞ : X! x relating
any material point in the reference conﬁguration X  BðiÞ0 to the
corresponding point in the current conﬁguration x  BðiÞt at time
t  Rþ is introduced (see Fig. 1). The deformation gradient of the
transformation, representing the linear map between the tangent
vectors in the reference and in the current conﬁgurations is deﬁned
as: F :¼ @XuðX; tÞ, with the Jacobian J ¼ det½F > 0 and @X denoting
the partial derivative with respect to the reference frame. The
interface between both arbitrary bodies S0  Rndim1 in the refer-
ence conﬁguration (s0  Rndim1 in the current conﬁguration) is
assumed to be characterized by the micromechanical ﬁbril-based
cohesive law comprehensively described in Section 2, for 2D and
3D applications, see Fig. 1.
The weak form of the contribution of the interface to the
Principle of Virtual Work of the complete system reads:
dPintfðu; duÞ ¼ duT
Z
S0
@gloc
@u
 T
TdS
" #
; 8du 2V ð11Þ
where gloc is the gap vector that accounts for relative opening and
sliding between the two ﬂanks of the interface and represents the
work conjugated magnitude to the cohesive tractions, and du 2V
denotes the kinematically admissible virtual displacements. Note
that in such geometrically nonlinear procedure, the traction vector
acting within the interface in Eq. (11) regards the Piola–Kirchhoff
traction vector that is deﬁned in the reference conﬁguration.
The updated coordinates of a generic point are given by
x ¼ Xþ u. In case of moderate rotations, it is convenient to intro-
duce a middle surface (in 3D) or a middle line (in 2D) of the inter-
face in the updated conﬁguration by averaging the position vectors
and displacement ﬁelds of the upper and lower faces (in 3D) or
sides (in 2D) of the interface, see Fig. 11. Hence, the position vector
x of a generic point along this middle surface/line can be deter-
mined by pre-multiplying the positioning vector x by an averaging
operator M, whereas its discretized version xe can be obtained
complying with the isoparametric concept using the operator N
that collects the shape functions:
x ¼Mx; xe ¼ NMxn; ð12Þ
where the superscript n denotes quantities evaluated at the nodes
of the discretized system. The operator N is as customary deﬁned
in the local parametric space ranging: (i) 2D n 2 ½1;1, where g is
the natural coordinate, and (ii) 3D n;gf g 2 ½1;1  ½1;1, where
n;g identify the natural coordinates deﬁned in the middle surface
of the element in the three-dimensional version.
Fig. 11. A sketch of the interface element.
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surface/line in the reference conﬁguration, X, and their displace-
ment vector, u, can be computed via a standard interpolation pro-
cedure from the nodal quantities as follows:
X ﬃ Xe ¼ NMXn; u ﬃ ue ¼ NMd ð13Þ
where Xn and d denote, respectively, the position vector of the
nodes in the reference system and their nodal displacement
vector.
The gap vector in the reference Cartesian frame, g, can be
obtained by pre-multiplying the nodal displacement vector d by
a suitable operator L which provides the difference between the
displacements of the upper and the lower bodies at the interface.
Within the FE discretization, the interpolation scheme of the gap
vector reads:
g ﬃ ge ¼ NLd ð14Þ
The constitutive relation for the interface, i.e., the so-called
cohesive zone model (CZM), is provided in the local frame.
Therefore, the gap vector in this local frame, gloc, has to be
computed by multiplying the gap vector in the reference frame by
a rotation operator R:
geloc ¼ RðuÞge ð15Þ
The rotation operator is computed through the deﬁnition of the
local setting in which the cohesive law is evaluated, see
Appendix. Note that, in case of large displacements, the operator
RðuÞ is a function of the displacement ﬁeld. As a consequence of this
dependency, the linearization of the virtual work contribution of
the interface element (11) for the application of the Newton–
Raphson solution procedure leads to the so-called geometric stiff-
ness matrix.
Inserting the discretization scheme described above, the virtual
variation of gaps in Eq. (11) takes the form
@gloc
@u
ﬃ @g
e
loc
@d
¼ RNL þ @R
@d
NLd ¼ RBþ @R
@d
Bd ð16Þwhere the differentiation of the second order tensor R with respect
to the components of the vector d leads to a third order tensor
(Reinoso and Paggi, 2014). To simplify the notation, the operator
B ¼ NL has been introduced in Eq. (16).
The discretized version of Eq. (11) leads to the following general
formulation:
dPeintðd; ddÞ ¼ ddT
Z
S0
RBþ @R
@d
Bd
 T
TdS
" #
¼ ddT feint
	 

; 8dd 2Vh ð17Þ
where the vector dd 2Vh stands for the kinematically admissible
virtual nodal displacements, and feint identiﬁes the internal force
vector at the element level corresponding to the interface. The lin-
earization of Eq. (17) at the element level renders
DdPeintðd; dd;DdÞ ¼ ddT
Z
S0
BTRTCRBdSþ
Z
S0
2BT
@RT
@d
Tþ dTBT @R
T
@d
C
@R
@d
Bd
"(
þ BTRTC @R
@d
Bdþ dTBT @R
T
@d
CRB
 !#
dS
)
Dd
¼ ddT Kmat þ Kgeom
	 

Dd ð18Þ
where C stands for the constitutive tangent tensor, that is derived
in detail in Section 3.2, and the integral terms Kmat and Kgeom
are the element material and geometrical stiffness matrices,
respectively, see Reinoso and Paggi (2014) for further details in
the derivation.
In addition, it is worth mentioning that the formulation is fur-
ther enhanced by a penalty stiffness k that is used to avoid inter-
penetration between the two opposite ﬂanks of the interface
(Balzani and Wagner, 2008). Note that this contact condition
requires the decomposition of the gaps into normal and tangential
components, as performed here. Alternative formulations based on
the global evaluation of the cohesive law also need this decompo-
sition, as discussed in van den Bosch et al. (2008a). This process
yields to the modiﬁcation of the traction vector and the
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tional contribution referred to their normal component in case the
contact condition is invoked.
3.2. Interface consistent tangent operator
The consistent tangent operator plays a key role in fully implicit
FE formulations and it is computed via the consistent linearization
of the discretized form of the traction vector T, namely C ¼ @T=@d.
According to the traction vector deﬁnition relying on the Kendall
peeling theory, see Eq. (4), the linearization of T takes the general
form
DT ¼ D af t
	 
 ¼ Daf tþ afDt ð19Þ
where D stands for linearization with respect to gloc;t or to gloc;n. In
the 2D case, the adhesion factor depends upon the angle b, whereas
in the 3D version of the model this factor becomes function of the
angles b and h. Moreover, as these angles are updated along the
deformation process to account for the geometrical effects, the
adhesion factor needs to be accordingly linearized with respect to
the kinematic ﬁeld as expressed in Eq. (19). However, in case of a
uniform distribution we have af ¼ 1 and Daf ¼ 0.
3.2.1. Two-dimensional ﬁbril-based consistent tangent operator
The normal and tangential components of the 2D version of the
proposed ﬁbril-based interface model, which only depends on the
angle b, are given in Eq. (4). The consistent linearization of such
components with respect to the normal and tangential gaps are:
DTt ¼ D af ðbÞtðbÞ
	 
 k
kgloc;crk
cos bþ af ðbÞtðbÞD kkgloc;crk
" #
cosb
þ af ðbÞtðbÞ kkgloc;crk
D cos b½  ð20Þ
DTn ¼ D af ðbÞtðbÞ
	 
 k
kgloc;crk
sin bþ af ðbÞtðbÞD kkgloc;crk
" #
sinb
þ af ðbÞtðbÞ kkgloc;crk
D sin b½  ð21Þ
It is worth noting that all of the derivatives in (20) and (21) involve
simple trigonometric and polynomial functions, and therefore their
ﬁnal results are omitted here for the sake of brevity. The material
tangent stiffness matrix is arranged as follows
C ¼
@Tt
@gloc;t
@Tt
@gloc;n
@Tn
@gloc;t
@Tn
@gloc;n
2
4
3
5 ð22Þ3.2.2. Three-dimensional ﬁbril-based consistent tangent operator
With regard to the 3D version of the ﬁbril-based interface
model, the linearization of the traction vector becomes rather more
complex due to the sequence of factors dependent upon the kine-
matic ﬁeld, see Eq. (10). Note also that, as was addressed above, the
adhesion factor is a function of b and h, whose linearization is
expanded as follows: Daf ¼ D afbðbÞ
	 

afhðhÞ þ afbðbÞD afhðhÞ
	 

.
Relying on the traction deﬁnition formerly derived in Eq. (10),
the linearization of the normal and of the two tangential compo-
nents can be expressed as
DTt1¼D af ðb;hÞtðbÞ
	 
 k
kgloc;crk
cosbcoshþaf ðb;hÞtðbÞD kkgloc;crk
" #
cosbcoshþaf ðbÞtðbÞ kkgloc;crk
D cosb½ coshþcosbD cosh½ ð Þ
ð23aÞDTt2 ¼ D af ðb; hÞtðbÞ
	 
 k
kgloc;crk
cosb sinhþ af ðb; hÞtðbÞD kkgloc;crk
" #
 cosb sinhþ af ðbÞtðbÞ kkgloc;crk
D cosb½  sinhþ cosbD sinh½ ð Þ
ð23bÞ
DTn ¼ D af ðb; hÞtðbÞ
	 
 k
kgloc;crk
sin bþ af ðb; hÞtðbÞD kkgloc;crk
" #
 sin bþ af ðb; hÞtðbÞ kkgloc;crk
D sin b½  ð23cÞ
Finally, the tangent operator for the interface constitutive relation
reads
C ¼
@Tt1
@gloc;t1
@Tt1
@gloc;t2
@Tt1
@gloc;n
@Tt2
@gloc;t1
@Tt2
@gloc;t2
@Tt2
@gloc;n
@Tn
@gloc;t1
@Tn
@gloc;t2
@Tn
@gloc;n
2
6664
3
7775 ð24Þ
It is remarkable that, similarly to the previous 2D case, the deriva-
tives of the functions involved are rather simple. However, again,
the dependence of both b and h upon the current conﬁguration
makes these derivations quite lengthy operations. The 2D and 3D
versions of the large deformation interface element and the cohe-
sive law have been implemented as user elements in the FE pro-
gram FEAP (Zienkiewicz and Taylor, 2004).4. Model parameters identiﬁcation
The cohesive zone model herein proposed is based on the adhe-
sion theory of an elastic tape (Kendall, 1975) used as a constitutive
law for each ﬁbril. According to Eq. (12), it requires the identiﬁca-
tion of the following parameters: the Young modulus of the ﬁbrils,
Ef , their width, wf , the adhesion energy, G, and the out-of-plane
thickness of the ﬁbril, t. A suitable approach to identify all these
model parameters is to perform an experimental test with a tensile
stage inside a chamber of a scanning electron microscope (SEM) to
observe the evolution of the morphology of microscopical ﬁbrils
during the deformation process. For instance, single
edge-notched rectangular specimens made of a polystyrene ﬁlm
have been tested under tension in Desai et al. (2011). Crazing in
form of ﬁbrils with a very regular pattern aligned with the Mixed
Mode deformation angle have been observed (see Fig. 5(b)).
Apart from the Young modulus of the ﬁbrils that can be selected
as the bulk modulus of polystyrene (Ef ¼ 3:5 GPa), SEM images
allow an easy identiﬁcation of the geometrical parameters. The
width wf is approximately equal to 80 nm and the out-of-plane
thickness can be set equal to 800 nm, i.e., the ﬁlm thickness.
Desai et al. (2011) proposed also a method to determine the
traction-separation curve by differentiating the experimentally
computed J-integral as a function of the crack-tip opening that
was directly measured from SEM images. The obtained
traction-separation relation, accounting for all the stages of crazing
from void formation up to ﬁbril failure, is shown in Fig. 12. The
curve is almost linear in the ascending branch due to the elastic
elongation of the ﬁbrils, up to a peak cohesive traction.
Afterwards, softening takes place due to the abrupt failure of ﬁb-
rils. In our formulation, a tension cut-off has been assumed, which,
albeit an approximation, it is not too far from the experimental
response. In particular, a critical crack opening displacement
jjgloc;crjj ¼ 18 lm and an adhesion energy G ¼ 60 N/lm have been
used to obtain the traction-separation law shown in Fig. 12 with
solid blue line, which is a reasonable approximation of the exper-
imental data reported with black bullets in the same ﬁgure.
Fig. 13. Setup of a double cantilever beam test on layered paper performed with a
tensile stage inside a SEM.
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of the ﬁbrils during the deformation process to maintain b ¼ w
(see Fig. 5(b)) suggests the use of af ðbÞ ¼ 1 as previously discussed
for the particular case of crazing failure.
In case of cellulose ﬁbers, micro-mechanical testing facilities
can again provide most of the information related to the geometri-
cal parameters of the ﬁbrils, see Fig. 5(a). The in-plane distribution
function af ðhÞ can also be experimentally determined from SEM
images of the surface of paper tissue as Fig. 10. Regarding
mechanical testing, double cantilever beam tests can be performed
by adapting the standard tensile tester as shown in Fig. 14. In this
case, the traction-separation law can be determined from the
global force–displacement curves by following the procedure sug-
gested by Desai et al. (2011) and taking into account the different
specimen geometry.5. Representative applications of technological interest
concerning anisotropic interfaces
As shown in Section 2, the proposed cohesive zone model is
highly anisotropic as a result of the dependency of the peeling
force on the angle b according to Kendall’s theory and of the adhe-
sion factor taking into account the nonuniform distribution of the
density of ﬁbrils with different inclination. These features can be
suitably exploited in order to realize functional adhesives and
interfaces for speciﬁc applications. In this section we address two
possible examples of technological interest where the present
computational model can provide useful hints for better design
of adhesives and understanding the anisotropic behavior of ﬁbrillar
interfaces.
The ﬁrst example regards the analysis an innovative adhesive
layer whose microstructure might be designed to facilitate
debonding between glass and substrate in photovoltaic modules.
This can be very effective for making easier recycling operations,
see Section 5.1. The second application concerns with the interpre-
tation of the effect of cellulose ﬁbers orientation on the mechanical
bonding between paper tissues, see Section 5.2.
5.1. Enhancement of cover-encapsulant debonding in innovative
photovoltaic modules for recycling purposes
Photovoltaic (PV) modules available on the market are manu-
factured through a layered structure which is generally composed
of: (i) a very thin backsheet of about 0.1 mm; (ii) an encapsulant
layer of 0.5 mm; (iii) a layer of silicon solar cells 0.16 mm thick;
(iv) another encapsulant layer of 0.5 mm; and ﬁnally ðvÞ a cover
made either of a plastic material or, more frequently, a thick glass0 0.005 0.01 0.015 0.02 0.025 0.030
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Fig. 12. Traction-separation relation for a ﬁbrillar interface due to crazing in
polystyrene: experimental data from Desai et al. (2011) and model approximation.cover of 4.5 mm for environmental protection (see Paggi et al.
(2013, 2014) for more details). Apart from an enhanced resistance
to cracking and to increase the module electric performance and
durability (Paggi et al., 2013), a new generation of PV modules
should be easier to recycle. At present, in case of a PET cover, it
is possible to disassemble the PET material from the rest of the cell
just by warming up the cover surface at about 100C and peeling it
off. The adhesive experiences crazing contributing to progressive
delamination, see a sequence in Fig. 12. In case of a thick glass
cover, this type of controlled peeling is difﬁcult to be realized
and thermal treatments of the whole PV module up to 600C is
necessary to separate the components. Based on these arguments,
a design of an innovative encapsulant layer with enhanced crazing
along a speciﬁc direction of pulling would be very useful for
recycling.
Although not yet realized in practice, the theory in Section 2 can
be exploited by designing an encapsulant interface such that adhe-
sion is minimized in correspondence to a certain peeling angle b,
let say 45 for exemplary purposes. A possibility to realize a mini-
mum adhesion at a certain angle is to act on the distribution func-
tion of the ﬁbrils that must provide a minimum density in
correspondence of that angle. An option could be to bond with a
polymeric adhesive two surfaces with a rough texture designed
in such a way that crazes form with an initial inclination depen-
dent on the rough texture, as it happens in case of the local contact
angle between the ﬁbrils of a Gecko’s spatula on a rough surface,
see Fig. 3.
Let assume for instance a Gaussian distribution of ﬁbrils having
a minimal density at lb ¼ b and with a given r.m.s., e.g., rb ¼ 0:45.
In this way, the maximum peeling force of the ﬁbril will present a
minimum in correspondence of lb. For this application, a homoge-
neous distribution of ﬁbrils in the plane is considered, so that we
can simply use the 2D formulation and perform numerical simula-
tions under the assumption of plain strain conditions.
We therefore simulate a peeling test of a thin laminate 0.26 mm
thick composed of backsheet, silicon and the encapsulant from a
thick glass 4.5 mm thick. The lateral size is 30 mm and the out of
plane thickness is 1 mm. The material parameters for those mate-
rials are summarized in Paggi et al. (2013) and are: Young’s mod-
ulus of glass equal to 73 GPa, Young’s modulus of silicon equal to
130 GPa, Young modulus of the EVA ﬁbrils equal to 20 MPa, adhe-
sion energy equal to 500 N/mm, Poisson ratios equal to 0.2. The
geometrical parameters of the ﬁbrils are wf ¼ 1 lm, the critical
crack opening is set equal to 1 mm, and the length of the ﬁbrils
is 1 mm. The simulation is carried out under plane strain condi-
tions. A penalty parameter k ¼ 1 105 N/mm2 has been included
to avoid interpenetration in the contact regions along the interface.
The numerical test is performed by considering large deformation
hyperelastic material models for the continuum (wall) elements.
Fig. 14. Different sequences of debonding between a plastic cover and the encapsulant of solar cells.
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used to discretize the interface with 300 ﬁnite elements, allowing
for a consistent coupling with the continuum elements. According
to the sketches given in Fig. 15, the boundary conditions are
clamped supports on the lower side of the specimen and on the left
hand side. A prescribed displacement to the node located at the
right edge of the upper layer is imposed. The simulations are there-
fore carried out under displacement control and different angles a
are considered for the imposed displacement (pulling direction) as
shown in the respective sketches in Figs. 15(d), whereas Fig. 15(a)
depicts the variation of the maximum peeling force with respect to
the peeling angle for a single ﬁbril.
In this problem, the response of the interface will strongly
depend on the rotation of the middle line of the interface elements
and we expect to have a very weak response and easy delamina-
tion when the local peeling angle b approaches 45. The correlation
between the angle a and the angle b which varies along the inter-
face and with the time step is not trivial since it depends on the
displacement ﬁeld and the relationship eventually varies from
point to point along the interface. From the numerical results we
observe that the interface achieves a maximum peeling force F of
about 2 N in case of a ¼ 45 (Fig. 15(b)). This peeling force is signif-
icantly decreased in case of a ¼ 90, which is a loading condition
leading to a local peeling angle proximal to b ﬃ 45 along the inter-
face elements (Fig. 15(c)). A further increase of a up to 104 leads
to local peeling angles larger than 45 and therefore an increase in
the peeling force F (Fig. 15(d)). These results are in line with the
maximum peeling force for a single ﬁbril with respect to the peel-
ing angle (Fig. 15(a)), in which the minimum value of this force
was obtained for 45. Additionally, it is worth mentioning thatthe post-peak evolution response notably depends on the peeling
angle. Thus, a quasi-brittle post-peak evolution of the interface is
obtained for b ¼ 45, whereas a clear softening branch takes place
for the other cases examined (b ¼ 45 and b ¼ 104).
Based on the previous discussion, this example shows that dis-
assembling can be highly facilitated and controlled by using a
nonuniform distribution of ﬁbrils with their minimum density in
correspondence of lb ¼ 45. The local angle b ¼ w along the inter-
face is shown in Fig. 16 for different values of a.5.2. Understanding ﬁbril actions in the mechanical joining of paper
layers
The second exemplary problem investigated in this work
regards the understanding of adhesion between paper tissues.
Thin layers of paper can be efﬁciently joined without glue by wet-
ting their common interface and exerting a localized pressure (see,
e.g., an image of the joint in Fig. 13). In this process, due to the
anisotropy of paper caused by a preferred alignment of cellulose
ﬁbrils along the machining direction, the adhesive force of the
joint is expected to be different in two orthogonal directions.
Preliminary peeling tests conducted in the Multi-scale Analysis of
Materials laboratory of the IMT Institute for Advanced Studies
Lucca have revealed that the required peeling force for the detach-
ment of a double cantilever beam specimen oriented along the ﬁb-
rils direction can be higher than that obtained with the ﬁbrils
oriented along the orthogonal direction. These experimental obser-
vations motivate the analysis of such applications with the aim of
having a closer insight into the micro-mechanical phenomena that
0 30 60 90 120 150 1800
0.03
0.06
0.09
0.12
β
||T
|| 
(N
)
(a) Max peeling force vs. β
0 1 2 3 4 50
0.5
1
1.5
2
Displacement (mm)
Fo
rc
e 
(N
)
α=45°
(b) α = 45◦
0 1 2 3 4 50
0.1
0.2
0.3
0.4
0.5
Displacement (mm)
Fo
rc
e 
(N
)
α=90°
(c) α = 90◦
0 1 2 3 4 50
10
20
30
40
Displacement (mm)
Fo
rc
e 
(N
)
α=104°
(d) α = 104◦
Fig. 15. (a) Maximum peeling force with respect to the inclination angle b of a single ﬁbril. Load displacement evolution curves for peeling applications using different values
of the pulling angle a: a ¼ 45 (b), a ¼ 90 (c) and a ¼ 104 (d).
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Fig. 16. Local angle b ¼ w along the interface for different values of the external
load angle a. Force displacement curves are shown in Fig. 15.
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the use of the 3D formulation of the anisotropic CZM herein pro-
posed since it is important to take into account the machining
direction effect which affects the in-plane orientation of the ﬁbrils.
Moreover, the present formulation provides a consistent way to
account for the effect of ﬁbril anisotropy on the cohesive zone
model response.
A sketch of the double cantilever beam test geometry is shown
in Fig. 17. We consider a thin structure composed of two joined
10 10 mm paper sheets with 0.125 mm thickness each. The
supporting conditions are those typical for a double cantilever
beam (DCB) test where, referring to the representation given in
Fig. 17, the left side is fully clamped whereas opening vertical dis-
placements of opposite sign are imposed to all the nodes belonging
to the outer edges on the right. These sheets are discretized by 50
linear 8-noded brick ﬁnite elements per side and separated by 3D
interface elements for large displacements. An initial notch 2 mmlong is considered. The parameters used for the CZM are
Ef ¼ 2 GPa, w ¼ t ¼ 0:1 lm, kgloc;crk ¼ 10 lm, G ¼ 0:01 N mm. We
consider an anisotropic distribution of ﬁbrils in the plane with a
maximum frequency in correspondence either of lh ¼ 0 (aligned
along the testing direction) or at lh ¼ 90 (orthogonal to the test-
ing direction). The distribution of ﬁbrils inclinations is centered at
lb ¼ 0 in both cases and we assume standard deviations
rh ¼ rb ¼ 2 for both distributions, to model a weak anisotropy.
The resulting maximum peeling force in the two case studies is
shown in Fig. 18.
The result of the numerical simulations in terms of total peeling
force F vs. crack mouth opening displacement (CMOD) for the two
case studies is shown in Fig. 19, where a clear effect of the aniso-
tropic distribution of ﬁbrils is evidenced in terms of the peak peel-
ing force between the two cases herein examined. Thus, in line
with the preliminary testing results previously mentioned, the
effect of the main value of the ﬁbrils orientation is clearly
observed, exhibiting a higher maximum peeling force for lh ¼ 0
than that corresponding to lh ¼ 90 (with a factor about 1.2
between the peak forces predicted). This effect is fundamentally
attributed to the consideration of afh into the computation of the
total adhesion factor af . Thus, in case the in-plane ﬁbril angle is
set to lh ¼ 0, the external actions is aligned with the main resis-
tance direction and corresponding to the maximum density of ﬁb-
rils (see Fig. 18(a)), due to the fact that the principal load bearing
mechanism of the ﬁbrils is assumed to correspond to axial loading.
In contrast to this, in case lh ¼ 90, the peeling actions imposed to
the specimen (h ¼ 0) are deviated with respect to direction of
maximum density of ﬁbrils (that is lh ¼ 90, see Fig. 18(b)).
Therefore, the load bearing capacity of the interface is not fully
optimized and the obtained peak load is lower than that corre-
sponding to the precedent loading scenario herein analyzed. The
slightly smoother transition at the peak load in case of h ¼ 90 than
for h ¼ 0 is due to the smoother variability of the modulus of the
Fig. 17. Sketch of the peeling test and in-plane anisotropic distribution of ﬁbrils: (a) Gaussian distribution with mean value lh ¼ 0 (alignment with the testing direction); (b)
Gaussian distribution with mean value lh ¼ 90 (orthogonal to the testing direction).
Fig. 18. Maximum peeling force kTk vs. peeling angle b and in-plane angle h for lb ¼ 0 , rb ¼ rh ¼ 2 and (a) lh ¼ 0 or (b) lh ¼ 90 .
Fig. 19. Peeling force vs. crack mouth opening displacement for the two different
CZM relations in Fig. 18 corresponding to testing joined paper tissues in the
preferred direction of ﬁbers inclination, lh ¼ 0 , or orthogonal to the processing
direction, lh ¼ 90 .
118 M. Paggi, J. Reinoso / International Journal of Solids and Structures 69–70 (2015) 106–120maximum traction vector kTk with b which is changing along the
interface during the evolution of the delamination process. For a
comparison of these trends, please see Fig. 19. Nevertheless, note
that once the decohesion process starts (the F-CMOD post-peak
evolution), both structured interfaces tend asymptotically to the
same ﬁnal value, evidencing again the remarkable role that the
relation between the peeling and the ﬁbril orientation directions
plays in decohesion.6. Conclusion and outlook
In the present paper, a new anisotropic cohesive zone model for
ﬁbrillar microstructured interfaces undergoing large deformationshas been proposed. The idea was to consider a distribution of ﬁbrils
with different in-plane and out-of-plane (peeling) orientations,
each one obeying to the Kendall’s peeling theory. The resulting
traction-separation relation has been determined by assuming that
only the ﬁbrils with an orientation b equal to the Mixed Mode
deformation angle w are contributing to the load transfer.
Moreover, a density distribution function of ﬁbrils dependent on
the angle b has been taken into account as a penalization factor.
This model allows simulating two possible scenarios observed in
case of ﬁbrillar interfaces: (i) the action of cellulose ﬁbrils joining
paper tissues, and (ii) the re-orientation mechanism of crazes in
polymers.
Moreover, acting on the adhesion factor to modify the spatial
density of ﬁbrils depending on their orientations, it has been
shown that adhesion or decohesion can be suitably enhanced along
speciﬁc angles. The spatial distribution of ﬁbrils orientation pro-
vides therefore a possible explanation to the anisotropic adhesive
response of natural systems, alternative to the explanation based
on the effect of a bulk anisotropy proposed in Yao and Gao
(2006). It is worth mentioning that the present model has the
potentiality to include reﬁned peeling theories as that proposed
in Begley et al. (2013). Viscoelastic effects for crazes can also be
incorporated as suggested in Allen and Searcy (2001).
From the computational standpoint, based on experimental evi-
dences, the proposed anisotropic cohesive zone model has been
included as a constitutive law of a interface element for large dis-
placements, for which a consistent derivation has been developed
following the theory published in Reinoso and Paggi (2014) and
herein extended to 3D applications. This formulation is deemed
to be essential for accurately investigate decohesion and detach-
ment applications undergoing large displacements along with the
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archetypes for the adjoining bulks. In particular, special attention
has been devoted to the consistent derivation of the tangent oper-
ators stemming from the differentiation of the constitutive
equation.
The problem of parameters identiﬁcation has been discussed in
Section 4. Micro-mechanical testing inside a SEM appears to be the
only methodology possible to assess the geometrical parameters of
the ﬁbrils. Moreover, measurement of the crack-tip opening dis-
placement in single edge-notched specimens under tension allows
to experimentally determine the traction-separation law as done
by Desai et al. (2011). The use of a tension cut-off cohesive zone
model with a peak traction given by the Kendall’s solution has
been demonstrated to ﬁt reasonably well the experimental trend
in case of polymer crazes, although other reﬁned formulations
could be used within the same large displacement interface ﬁnite
element framework.
Finally, two pioneering and exemplary applications of the pro-
posed numerical model have been addressed. The ﬁrst case ana-
lyzed regarded the possibility to exploit the adhesive anisotropy
to facilitate debonding of the glass cover in photovoltaic modules
for recycling purposes. If a microstructured adhesive with these
properties will be technically feasible, then signiﬁcant energy sav-
ings in the dismantling and recycling process of exhausted PV
modules are envisaged. The second application focused on the
interpretation of the effect of cellulose ﬁbrils anisotropy on the
mechanical bonding between paper tissues. This problem has
important industrial applications and, so far, there were no compu-
tational models able to take into account the action of cellulose ﬁb-
rils. Future research is ongoing and will regard a close numerical–
experimental comparison by performing tensile tests inside a SEM
chamber with a tensile stage to monitor the bridging mechanisms
of cellulose ﬁbrils during the test. Further applications to
bio-interfaces and biological structures are certainly possible, since
the proposed formulation has been truly inspired by the physics of
natural surfaces.
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Competitiveness (DPI2012-37187).Appendix A. Matrix operators for the ﬁnite element
implementation of the novel interface element for large
displacement applications
The matrix operators for the numerical implementation of the
present formulation within the framework of FEM are herein
provided.
2D interface element
In case of a 2D linear interface element, the shape functions
based on the Gauss integration rule are N1 ¼ 12 ð1 nÞ and
N2 ¼ 12 ð1þ nÞ. The previous vectors reduce to:X ¼ ðX1;Y1;X2;Y2;X3;Y3;X4;Y4ÞT
d ¼ ðu1;v1;u2;v2;u3;v3;u4;v4ÞT
gloc ¼ ðgloc;t; gloc;nÞT
T ¼ ðs;rÞT
ð25Þ
The matrix operators present the following expressions:
N ¼ N1I N2I½  ð26aÞ
M ¼ 1
2
I 0 0 I
0 I I 0
 
ð26bÞ
L ¼ I 0 0 I
0 I I 0
 
ð26cÞ
where 0 is a 2 2 null matrix and I is a 2 2 identity matrix.
In 2D simulations, the tangential and the normal vectors to the
middle surface of the interface element (t and n) used to deﬁne the
local frame are:
t ¼ @x
e
@n
; n 	 t ¼ 0 ð27Þ
Accordingly, the rotation matrix is deﬁned as:
R ¼ tx ty
nx ny
 
ð28Þ
where:
tx ¼ ny ¼ X2 þ u2 þ X3 þ u3  X1  u1  X4  u42ktk ð29aÞ
ty ¼ nx ¼ Y2 þ v2 þ Y3 þ v3  Y1  v1  Y4  v42ktk ð29bÞ
The operator stemming from the third order tensor renders:
@R
@d
Bd ¼ a b þa þb þa þb a bb þa þb a þb a b þa
 
ð30Þ
where
a ¼ N1u1  N2u2 þ N2u3 þ N1u4
2ktk ð31aÞ
b ¼ N1v1  N2v2 þ N2v3 þ N1v4
2ktk ð31bÞ3D interface element
In case of a 3D quadrilateral linear interface element, the shape
functions corresponding to the Gauss integration rule are:
N1 ¼ 14 ð1 nÞð1 gÞ ð32aÞ
N2 ¼ 14 ð1þ nÞð1 gÞ ð32bÞ
N3 ¼ 14 ð1þ nÞð1þ gÞ ð32cÞ
N4 ¼ 14 ð1 nÞð1þ gÞ ð32dÞ
The vectors previously deﬁned reduce to:
X ¼ ðX1;Y1; . . . ;X8;Y8ÞT ð33aÞ
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gloc ¼ ðgloc;t1 ; gloc;t2 ; gloc;nÞ
T ð33cÞ
T ¼ ðs1; s2;rÞT ð33dÞ
The matrix operators for the 3D formulation present the following
expressions:
N ¼ N1I N2I N3I N4I½  ð34aÞ
M ¼ 1
2
I 0 0 0 I 0 0 0
0 I 0 0 0 I 0 0
0 0 I 0 0 0 I 0
0 0 0 I 0 0 0 I
2
6664
3
7775 ð34bÞ
L ¼
I 0 0 0 I 0 0 0
0 I 0 0 0 I 0 0
0 0 I 0 0 0 I 0
0 0 0 I 0 0 0 I
2
6664
3
7775 ð34cÞ
where 0 is a 3 3 null matrix and I is a 3 3 identity matrix.
In 3D cases, the tangential and the normal vectors to the middle
surface of the interface element (t1; t2 and n) used to deﬁne the
local frame are determined via differentiation of the average coor-
dinates with respect to the natural coordinates n and g:
t1 ¼ @x
e
@n
; t2 ¼ x
e
@g
; n ¼ t1  t2 ð35Þ
Therefore the rotation matrix reads:
R ¼
t1;x t1;y t1;z
t2;x t2;y t2;z
nx ny nz
2
64
3
75 ð36Þ
where the coefﬁcients are computed according to deﬁnitions in Eq.
(27).
The operator stemming from the third order tensor has to be
derived with care since it brings the contribution of several terms.
Therefore, a closed form expression of the operator after the vari-
ous derivatives and matrix multiplications is difﬁcult to be
expressed in a condense form. It is more convenient to deﬁne vec-
tors containing the partial derivatives of the components of the
rotation matrix with respect to the nodal displacements and use
them for the subsequent matrix multiplications to be performed
numerically.
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